We study a model with a down-type SU(2) singlet vector-like quark (VLQ) as a minimal extension of the standard model (SM). In this model, flavor changing neutral currents (FCNCs) arise at tree level and the unitarity of the 3 × 3 Cabibbo-Kobayashi-Maskawa (CKM) matrix does not hold. In this paper, we constrain the FCNC coupling from b → s transitions, especially B s → µ + µ − andB → X s γ processes. In order to analyze these processes, we derive an effective Lagrangian which is valid below the electroweak symmetry breaking scale. For this purpose, we first integrate out the VLQ field and derive an effective theory by matching Wilson coefficients up to one-loop level. Using the effective theory, we construct the effective Lagrangian for b → sγ ( * ) . It includes the effects of the SM quarks and the violation of the CKM unitarity. We show the constraints on the magnitude of the FCNC coupling and its phase by taking account of the current experimental data on ∆M Bs , Br[B s → µ + µ − ], Br[B → X s γ] and CKM matrix elements as well as theoretical uncertainties. We find that the constraint from the Br[B s → µ + µ − ] is more stringent than that from the Br[B → X s γ]. We also obtain the bound for the mass of the VLQ and the strength of the Yukawa couplings related to the FCNC coupling of b → s transition. Using the CKM elements which satisfy above constraints, we show how the unitarity is violated on the complex plane. *
Introduction
After the discovery of the Glashow-Iliopoulos-Maiani (GIM) mechanism [1] , this suppression mechanism of the flavor changing neutral current (FCNC) is firmly verified in K, D and B meson systems. The unitarity of the Cabibbo-Kobayashi-Maskawa (CKM) matrix [2] is also verified. As investigated in Refs. [3, 4] , the CKM unitarity is consistent with current data, which characterizes one of the most successful aspects in the standard model (SM).
As an extension of the quark sector, vector-like quark (VLQ) is considered. Here, VLQ is a quark whose representations in gauge group for left-and right-handed components are the same. As models including VLQs, some new physics scenarios are considered in the literature. Such vector-like extensions of the SM include the universal seesaw model [5] . This scenario introduces gauge singlet vector-like fermions to explain hierarchical structure of fermion masses. Furthermore, in the context of left-right symmetry, the seesaw mechanism induced by vector-like fermions gives solution to the strong CP problem [6] .
The model with VLQ leads to the rich phenomenology which can be testable in experiments [7] - [12] . In particular, FCNCs induced by VLQ give rise to deviation from the SM prediction. Furthermore, the unitary relation of the CKM matrix, e.g., V * ub V us + V * cb V cs + V * tb V ts = 0, no longer holds. The unitarity triangle is modified as a quadrangle due to correction which arises from FCNCs. On the other hand, the direct detection of the VLQ is under way in collider experiments [13] . Then, the prediction and constraint on the mass and couplings of VLQ from the flavor observables provide them with important information.
In this paper, a model including one additional down-type VLQ is discussed. Integrating out VLQ, one can find that tree level FCNC arises from interaction with Z boson and Higgs bosons. On the basis of the effective field theory (EFT), we derive loop functions which correspond to the Inami-Lim functions in the SM. In order to examine the FCNC, phenomenological analysis is carried out for b → s transition. Specifically, experimental data ofB → X s γ, B s → µ + µ − and the mass difference in B s −B s system are utilized to constrain the model. The constraints on the magnitude of the FCNC coupling and its phase are shown by taking account of the current experimental data as well as theoretical uncertainties. This paper is organized as follows: In Sec. 2, we integrate out down-type VLQ and determine Wilson coefficients of the EFT up to one-loop level. Loop functions are summarized in Sec. 3. In Sec. 4, the phenomenological analysis for b → s transition is given. Section 5 is devoted to summary and discussion.
Integrating out VLQ fields
In this section, we derive a low energy effective Lagrangian by integrating out VLQ fields. For this purpose, we show a full Lagrangian which includes one down-type SU (2) singlet VLQ in addition to the SM quarks. We assume that the mass of the VLQ is much larger than the electroweak (EW) scale. Then the Lagrangian L Full which is invariant under SU (3) 
where i = 1, 2, 3 denotes the indices for generations. d 
where λ a , τ I and Y X are Gell-Mann matrices, Pauli matrices and U(1) Y hypercharge of a
Matching full theory and effective theory
In order to obtain the higher dimensional operators which represent the effect of the VLQ in the energy scale between M 4 and the EW scale, we integrate out the VLQ fields d 4 L,R in Eq. (1) . At first, we perform tree level matching at VLQ mass scale M 4 . In Fig. 1 , we show the Feynman diagram (left figure) for scattering of a pair of quark and anti-quark into a Higgs pair (q i q j → φφ † ), in which the VLQ is exchanged. We assume that the external particles have momenta much smaller than the mass of the VLQ. Then the amplitude of the left figure can be reproduced up to O(M −2 4 ) accuracy by computing the Feynman diagram of the right figure with the following low energy effective Lagrangian [11, 12, 14, 15, 16] , where i, j = 1, 2, 3. The effective Lagrangian is written in terms of dimension-six operator and its coefficient is determined so that it reproduces the amplitude of the left figure in 
Next we consider one-loop level matching between the full theory and the effective theory to obtain effective interactions which contribute to the radiative transition of the quarks. The procedure is as follows: Fig. 2. ). These diagrams include the VLQ in the internal line. In this calculation, we renormalize the amplitudes with the MS scheme.
(ii) We calculate the same transitions as those of the procedure (i) with the effective operator in Eq. (5) obtained by tree level matching (See the bottom-left and bottomcenter figures in Fig. 2.) . In this calculation, we also renormalize the amplitudes with the MS scheme. (iii) We introduce new effective operators and determine their coefficients so that the renormalized amplitudes in procedure (ii) match with those of the full theory computed in procedure (i) (See the bottom-right figure in Fig. 2 
.).
We can obtain the following effective Lagrangian L one−loop Eff at one-loop level:
where
To derive the above expressions, we use the equation of motion in the leading order of the expansion with respect to 1/M 
where L 
where the term Z ji (µ) comes from the first term in Eq. (8) . To rewrite the kinetic term into a canonical form, we perform the following rescaling of q L ,
Then the kinetic term of the quark doublet becomes
In terms of the rescaled fields introduced in Eq. (16), the Yukawa interactions in Eq. (13) are changed:
where we redefine the SM Yukawa coupling as
The rescaling of the field Eq. (16) is absorbed into the Yukawa couplings. After the diagonalization of the mass matrices based on these couplings, it contributes to the CKM matrix as one-loop corrections. Since we only consider the charged current interaction in one-loop diagrams in the next section, these corrections lead to two-loop order effects and they are neglected. The tree level effective operator in Eq. (5) is also changed by the rescaling in Eq. (16):
where we redefine the Yukawa coupling between the SM quarks and the VLQ as
As we will see in the next subsection, this redefinition of the Yukawa coupling in Eq. (22) adds O(
) corrections to the CKM matrix and the FCNC coupling. In the next section we will take into account only leading order contributions in 1/M 2 4 , and these corrections are neglected.
For the one-loop effective Lagrangian, the rescaling in Eq. (16) leads to two-loop order corrections and we can simply take q L q L in the one-loop effective Lagrangian.
Electroweak symmetry breaking
In this subsection, we derive the Lagrangian for the broken phase of the SM gauge symmetry. We substitute the following forms for the Higgs doublet in the Lagrangian Eqs. (6)- (11):
Here we do not take into account the running effect from the VLQ mass scale to the EW scale for the coefficients in the effective interactions Eqs. (6)- (11). For the effective Lagrangian L tree Eff in Eq. (6), we obtain
where the ellipsis represents the terms including more than four fields, h . We diagonalize this mass matrix. At first, we introduce 3 × 3 unitary matrices K L and K R . These unitary matrices diagonalizes the matrix m d :
where the prime indicates the mass basis of the SM. In this mass basis, the mass matrix of the down-type quarks changes into
The mass matrix in Eq. (27) is not diagonal. In order to diagonalize the mass matrix including (26) and (29),
where the ellipsis represents the terms which contain more than four fields. Each part of the Lagrangians is given below:
In Eqs. (31)- (37), L and R denote the chiral projection operators,
. The electromagnetic charge of up-type and down-type quarks are denoted by Q u and Q d respectively. The 3 × 3 CKM matrix V CKM is defined as,
The FCNCs arise from the 3 × 3 non-diagonal matrix Z NC in the Z, h and χ 0 interactions in Eqs. (34), (36) and (37) . The matrix Z N C in the neutral currents is defined as follows:
Using Eqs. (38) and (39), we obtain the relation between the CKM matrix V CKM and the
Equation (40) shows that the unitarity of the CKM matrix for the three generations does not hold due to the deviation from the unit matrix of the matrix Z NC in Eq. (39) . Taking the limit of M 4 → ∞, the unitarity relation is restored.
Next we rewrite the one-loop level effective Lagrangian Eqs. (8)- (11) in terms of the mass basis defined in Eq. (29) . Below we write the part of the dipole operators and omit the other parts of the effective Lagrangian:
where the field strength Z µν , F µν A and W ±µν are defined as,
respectively. Note that the coefficient of the photon dipole operator with the down-type quarks is consistent with the case of the full theory calculation up to 
∆B = 1 process
At first we consider the ∆B = 1 process to calculate the branching ratio of the B s → µ + µ − process in the next section. The diagrams which contribute to the effective Lagrangian up to O(Z NC ) are shown in Fig. 3 . Thebs → µ + µ − process occurs at tree level in the model with VLQ since there is the tree level Z FCNC among the down-type quarks. In one-loop level, the contribution comes from the Feynman diagrams in Fig. 3(a) and Fig. 3(b) which are also present in the SM. However these amplitudes include the additional contributions due to the violation of the CKM unitarity. Since these contributions are suppressed by the loop factor e 2 /(16π 2 ) compared with the contribution of the tree diagram in Fig. 3(c) , we neglect the contribution from the violation of the CKM unitarity in the computation of thebs → µ + µ − process. Then the effective Lagrangian for the bs → µ + µ − is given as follows: 
The first term in Eq. (44) comes from the diagrams in Fig. 3(a) and Fig. 3(b) with the CKM unitarity relation for the SM ( i=u,c,t λ i bs = 0), that is the SM contribution. The second term of Eq. (44) comes from the diagram in Fig. 3(c) , so this term is the new contribution in the model with VLQ.
∆B = 2 process
Next we show the effective Lagrangian for ∆B = 2 process in order to compute the mass difference of B s meson in the later section. In Refs. [20] - [23] , ∆B = 2 process was computed up to O(Z 2 NC ) and O(Z NC · α em /(4π)). The diagrams which contribute to the ∆B = 2 process are given in Fig. 4 . From the diagrams in Fig. 4 , we obtain the effective Lagrangian for bs ↔ sb process as [20] - [23] :
is the Inami-Lim function [18] . Also Y 0 (x t ) is given in Eq. (45) . The first term in Eq. (46) comes from the diagram in Fig. 4(a) with the CKM unitarity relation. The second term in Eq. (46) is obtained from the violation of the CKM unitarity in the diagram in Fig. 4 (a) in addition to the contribution from the diagram in Fig. 4(b) . The CKM unitarity relation is used for the one-loop Z FCNC vertex in Fig. 4 Lagrangian for b → sγ process was calculated in terms of the full theory [17, 24] while the effective Lagrangian for b → sγ * process was not calculated. Here we will give the effective Lagrangian for both b → sγ and b → sγ * in terms of the effective theory.
In the model with VLQ, there are no FCNC by the quark-quark-photon interaction at tree level. Therefore the leading order contributions which contain the FCNC couplings come from the violation of the CKM unitarity in the diagrams in Fig. 5(a) and the one-loop diagram in Fig. 5(b) [17, 24] . In order to obtain the effective Lagrangian for b → sγ ( * ) process, we compute the amplitudes of the diagrams in Fig. 5 . We introduce several counterterms when we renormalize amplitudes for Figs. 5(a) and 5(b). As mentioned in Ref. [17] , the counterterms of the renormalization for the quark fields remove the divergence of the diagrams in Fig. 5(a) with the CKM unitarity and that of the diagram in Fig. 5(b) . However these counterterms cannot remove all the divergence arising from these diagrams. There still remains the divergence which comes from the violation of the CKM unitarity in Fig. 5(a) . Therefore we have to introduce another counterterm. We consider the renormalization for the neutral gauge bosons Z and A [25] . The bare fields Z µ 0 and A µ 0 are related to the renormalized fields as follows:
where Z ij , (i, j = Z, A) are the renormalization constants. The divergence coming from the violation of the CKM unitarity in the diagrams in Fig. 5(a) is exactly cancelled by the counterterm given as
The renormalization constant √ Z ZA and √ Z AZ are determined by the diagrams in Fig. 6 where Z (or χ 0 ) and photon mix at one-loop level. The finite part of the transition amplitude of the diagram in Fig. 6 contribute to the effective Lagrangian for the b → sγ * process.
Finally, we can obtain the effective Lagrangian L Eff (b → sγ) for the on-shell photon and the effective Lagrangian L Eff (b → sγ * ) which vanishes for the on-shell photon as follows:
where the indices "CC"denote the contributions from the diagrams in Fig. 5(a) with the CKM unitarity relation, namely the SM contributions. Also indices "uv" and "NC" imply the contributions from the violation of the CKM unitarity and the diagram in Fig. 5(b) which include the neutral current respectively. The index "Mix" indicates the contributions from the Z-photon and χ 0 -photon mixing diagrams. Concretely these effective Lagrangian are obtained as:
and
The Inami-Lim functions in Eqs. (52) and (55) are given as follows [18] :
where the subscripts "u" and "W " indicate the contributions which are proportional to the electromagnetic charge of the up-type quarks and the W boson respectively. The functions F ZZ , F Z and F Z in Eq. (54) are given as 1 ,
The functions F 1 , F 2 , and F 3 ,
come from the diagram Fig. 5(b) where the exchanged particles are Z, χ 0 and h respectively. The functions f ZZ , f Z in Eq. (57) are obtained as follows:
The effective Lagrangians for the b → sg ( * ) process can be obtained by replacing the external 1 The terms linear to Z sb NC in Eq. (54) and the loop functions F Z (r p ) and F Z (r p ) in Eqs. (64), (65) do not agree with the corresponding terms of equations (23), (24) and the loop function F NC 1 (r α ) of Ref. [17] .
photon line which attached to quarks with gluon line in Fig. 5 . They are obtained as follows:
and In this section, we will make numerical calculations for the mass difference of the B s meson ∆M Bs , the branching ratio of the B s → µ + µ − and the branching ratio of the inclusive radiative decay of theB mesonB → X s γ in the model with VLQ. In addition to these processes, we consider the constraint from Eq. (40) . We will use the new physics parameters defined as
in the following computations.
B s -B s mass difference
We can obtain the mass difference of the B s meson in the model with VLQ as [20] - [23] :
where η B , B s and f Bs represent the QCD factor, the bag parameter of B s meson and the B s meson decay constant respectively. Here we use the QCD correction of the SM. The numerical values for the parameters in Eq. (81) are shown in Table 1 . The function ∆ 1 (r sb , θ sb ) is given below,
We cannot use the SM value for the product of the CKM matrix elements |λ 
Branching ratio of
The branching ratio of the B s → µ + µ − process in the model with VLQ is given as follows:
where η Y is the NLO QCD correction [26, 27] . The life time of the B s meson is denoted by τ Bs . These values are shown in Table 1 . The function ∆ 2 (r sb , θ sb ) is given below,
Branching ratio ofB → X s γ
TheB meson inclusive radiative decayB → X s γ is governed by the effective Hamiltonian at the b-quark mass scale µ = O(m b ) [26, 28] ,
where O i and C i (i = 1 ∼ 6) denote the 4-Fermi operators and their Wilson coefficients respectively. The effective operators O 7γ and O 8G are given by,
In the calculation of the branching ratio for theB → X s γ, it is convenient to introduce the so-called "effective coefficients" C (0)ef f i [29, 30] . The effective coefficient for the effective operator O 7γ at the scale µ = O(m b ) is given as [26, 30, 31] :
where η = α s (M W )/α s (µ) with α s = g 
In Eq. (88), the indices "(0)" mean the leading order contributions. Since we do not take into account the running effect from the VLQ mass scale to the EW scale, we obtain the Wilson coefficients C
7γ and C
8G at the EW scale (taken as M W ) as:
where the Wilson coefficients,
come from the SM contributions in Eq. (52). The Wilson coefficients
are obtained from the VLQ contributions in Eqs. (41) and (42) . The Wilson coefficients C
NP2 7γ
and C
NP2
8G are given as follows:
The Wilson coefficients with the suffix "uv" come from the effective Lagrangian in Eq. In our numerical calculation, we use the NLO expression for the branching ratio Br[B → X s γ] given as [32] :
where δ N P sl and δ N P rad are non-perturbative correction for the semi-leptonic and radiativeB meson decay rates, respectively. The quantity R quark at NLO is summarized in Ref. [32] as:
The function g(z) with z = m 2 c,pole /m 2 b,pole corresponds to the phase space factor for the semileptonic decay. The function F (z) contains the NLO correction for the semi-leptonic decay and the difference between the pole mass and MS mass of the b-quark. The δ is the lower cut on the photon energy in the bremsstrahlung correction:
The term A(δ) originates from the bremsstrahlung corrections and the virtual corrections [32] - [35] ,
where the functions f ij (δ) can be found in Ref. [32] . The term |D| 2 in Eq. (101) is constituted by the NLO Wilson coefficient for O 7γ and the virtual corrections for b → sγ [32] - [34] . Here D is defined as,
can be found in Ref. [32] . In our numerical calculation, we take µ b = m b , E γ > 1.6 GeV and neglect the O(α s ) correction to the new physics contributions. Therefore the Wilson coefficients C 
Violation of CKM Unitarity
The violation of CKM unitarity is shown in Eq. (40) . For p = b, q = s, we obtain the following relation:
This relation can be rewritten as follows: 
where we define
The relation in Eq. (105) leads to a quadrangle in the complex plane as shown in Fig. 7 .
Numerical Analyses
In the following numerical analyses, we obtain the constraints on FCNC couplings by using the current experimental data of rare B decays B s → µ + µ − andB → X s γ. We also take 
As the experimental value, we adopt the branching ratio measured by LHCb [37] ,
In [3] on |θ sb | for the smaller Z sb NC can be also understood from the Eq. (84) since the coefficient of the term which is linear to r sb is proportional to cos θ sb .
Next we analyze the branching ratio ofB → X s γ process by using the expression in Eq. (100). Here we denote the branching ratio in the model with VLQ as Br[B → X s γ] VLQ . The new physics parameters r sb and θ sb are included in the Wilson coefficients in Eqs. (91) and (92). In order to obtain constraints on r sb and θ sb , we take account of the current average [38] ,
of experimental data [39] - [45] . In Fig. 9 , we show the dependence of Br[B → X s γ] VLQ on |Z 
We note that the number of the purple colored dots is much less than that of the red colored ones, since the quadrangle constraint for π/4 ≤ θ sb ≤ π/2 is tighter than that for 0 ≤ θ sb ≤ π/4. 
In the left figure of Fig. 10 , we show the region allowed by the experimental data for the parameter r sb and θ sb . 
Using the definition of Z NC in Eq. (39), we obtain the constraint on the VLQ mass M 4 and the product of the Yukawa coupling |y Finally, we show the violation of the CKM unitarity on the complex plane in Fig. 11 . The definition of each side is the same as that of Fig. 7 . In order to obtain Fig. 11 , we choose r sb = 0.018 and |θ sb | = π/6 and use the central values of the CKM matrix elements in Table 1 . The side for λ t bs is connected with the real axis at (1, 0). The left figure is the case of θ sb = π/6 while the right figure is that of θ sb = −π/6. One can see that the side for Z sb NC can be as large as that for λ u bs and the sign of θ sb affects the value of the angle β s in Fig. 7 .
Summary and Discussion
We studied the model which includes one down-type SU(2) singlet VLQ in addition to the SM quarks and showed the constraints on the model parameters from Br[
Br[B → X s γ] and the quadrangle relation. In order to analyze this model, we used the effective theory which is derived by integrating out the VLQ field. We assume that the mass The violation of the CKM unitarity on the complex plane. In order to obtain these figures, we choose (r sb , θ sb ) = (0.018, π/6) in the left figure and (r sb , θ sb ) = (0.018, −π/6) in the right figure. of the VLQ is much larger than the EW scale. We matched the effective theory with the full theory not only at tree level but also at one-loop level and obtained the effective operators which are related to the radiative transition of the quarks. These operators correspond to the contribution from the diagrams including the VLQ in the internal line. One can find that the coefficient of the photon dipole operator with the down-type quarks is consistent with the case of the full theory calculation given in Ref. [17] . The other contributions to the radiative transitions come from the violation of the CKM unitarity and the diagrams which include the FCNC couplings among the SM quarks. We obtained the effective Lagrangian for the b → sγ ( * ) process arising from these contributions. for |θ sb | 0 (|θ sb | π) compared with that of the SM. In Fig. 11 , we showed the violation of the CKM unitarity on the complex plane when we chose r sb = 0.018 and |θ sb | = π/6. The difference in the sign of the θ sb affects the angle β s , therefore we have to investigate the constraint from the observables related to the β s to further restrict the form of the violation of the CKM unitarity. Although we focused on the case of b → s transitions, the effective Lagrangian obtained in this paper can be applied to the FCNC transition for the other combinations of the downtype quarks. The 4-Fermi operators in Eqs. (9)- (11) and the effective Lagrangian for the off-shell photon contribute to b → sl + l − processes includingB →K * l + l − .
Finally, we add a comment on the renormalization group (RG) effect. One can not neglect the effect when the VLQ mass is much heavier than the EW scale. When M 4 /M W ∼ 100, one may expect about 10% corrections to the Wilson coefficients. Moreover, the expressions of the FCNC coupling, CKM matrix elements and down-type quark masses will be modified. Including them, we will carry out the precise analysis elsewhere.
